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Abstract
In this paper, we discuss the mathematical aspects of the Heisenberg uncertainty
principle within local fractional Fourier analysis. The Schrödinger equation and
Heisenberg uncertainty principles are structured within local fractional operators.
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1 Introduction
As it is known, the fractal curves [, ] are everywhere continuous but nowhere diﬀer-
entiable; therefore, we cannot use the classical calculus to describe the motions in Cantor
time-space [–]. The theory of local fractional calculus [–], started to be considered
as one of the useful tools to handle the fractal and continuously non-diﬀerentiable func-
tions. This formalism was applied in describing physical phenomena such as continuum
mechanics [], elasticity [–], quantum mechanics [, ], heat-diﬀusion and wave
phenomena [–], and other branches of applied mathematics [–] and nonlinear
dynamics [, ].
The fractional Heisenberg uncertainty principle and the fractional Schrödinger equa-
tion based on fractional Fourier analysis were proposed [–]. Local fractional Fourier
analysis [], which is a generalization of the Fourier analysis in fractal space, has played
an important role in handling non-diﬀerentiable functions. The theory of local fractional
Fourier analysis is structured in a generalized Hilbert space (fractal space), and some re-
sults were obtained [, –]. Also, its applications were investigated in quantum me-
chanics [], diﬀerentials equations [, ] and signals [].
The main purpose of this paper is to present the mathematical aspects of the Heisen-
berg uncertainty principle within local fractional Fourier analysis and to structure a local
fractional version of the Schrödinger equation.
The manuscript is structured as follows. In Section , the preliminary results for the
local fractional calculus are investigated. The theory of local fractional Fourier analysis is
introduced in Section . The Heisenberg uncertainty principle in local fractional Fourier
analysis is studied in Section . Application of quantummechanics in fractal space is con-
sidered in Section . Finally, the conclusions are presented in Section .
© 2013 Yang et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
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2 Mathematical tools
2.1 Local fractional continuity of functions
Deﬁnition  [–, –] If there is
∣∣f (x) – f (x)∣∣ < εα (.)
with |x – x| < δ, for ε, δ >  and ε, δ ∈ R. Now f (x) is called a local fractional continuous
at x = x, denoted by limx→x f (x) = f (x). Then f (x) is called local fractional continuous
on the interval (a,b), denoted by
f (x) ∈ Cα(a,b). (.)


















Suppose that limx→x+ f (x) = f (x
+
), limx→x– f (x) = f (x
–




f (x) = lim
x→x–
f (x) = lim
x→x
f (x).
For other results of theory of local fractional continuity of functions, see [–, –].
2.2 Local fractional derivative and integration
Deﬁnition  [–, –] Setting f (x) ∈ Cα(a,b), a local fractional derivative of f (x) of








α(f (x) – f (x))
(x – x)α
, (.)
where α(f (x) – f (x))∼= ( + α)(f (x) – f (x)) with a gamma function ( + α).
Deﬁnition  [–, –] Settingf (x) ∈ Cα(a,b), a local fractional integral of f (x) of
order α in the interval [a,b] is deﬁned as





f (t)(dt)α = 
( + α) limt→
j=N–∑
j=
f (tj)(tj)α , (.)
where tj = tj+ – tj, t = max{t,t,tj, . . .} and [tj, tj+], j = , . . . ,N – , t = a, tN = b,
is a partition of the interval [a,b].
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Their fractal geometrical explanation of local fractional derivative and integration can
be seen in [, , –].
If f (x) ∈ Cα[a,b], then we have [, ]
∣∣aI(α)b f (x)∣∣≤ aI(α)b ∣∣f (x)∣∣ (.)
with b – a > .
Lemma  [, ]
[
–∞I(α)∞ f (x)g(x)
]  ≤ [–∞I(α)∞ ∣∣g(x)∣∣][–∞I(α)∞ ∣∣g(x)∣∣g(x)]. (.)
Proof See [, ]. 
3 Theory of local fractional Fourier analysis
In this section, we investigate local fractional Fourier analysis [–], which is a gener-
alized Fourier analysis in fractal space. Here we discuss the local fractional Fourier series,
the Fourier transform and the generalized Fourier transform in fractal space.We start with
a local fractional Fourier series.
3.1 Local fractional Fourier series
Deﬁnition  [, , –] The local fractional trigonometric Fourier series of f (t) is
given by




















 f (t)(dt)α ,
ak = ( T )α
∫ T
 f (t) sinα(kαωα tα)(dt)α ,
bk = ( T )α
∫ T
 f (t) cosα(kαωα tα)(dt)α .
(.)
TheMittag-Leﬄer functions expression of the local fractional Fourier series is described




















(dx)α with k ∈ Z. (.)
The above is generalized to calculate the local fractional Fourier series.
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3.2 The Fourier transform in fractal space
Deﬁnition  [, , –] Suppose that f (x) ∈ Cα(–∞,∞), the Fourier transform in













f (x)(dx)α , (.)
where the latter converges.
Deﬁnition  [, , –] If Fα{f (x)} ≡ f F ,αω (ω), its inversion formula is written in the
form







f F ,αω (ω)(dω)α , x > . (.)
3.3 The generalized Fourier transform in fractal space















where h = (π )
α
(+α) with  < α ≤ .
Deﬁnition  [, ] The inverse formula of the generalized Fourier transform in fractal
space is written in the form [, ]









where h = (π )
α
(+α) with  < α ≤ .
3.4 Some useful results
The following formula is valid [, ].










Proof See [, ]. 
Theorem  [, ] If Fα{f (x)} = f F ,αω (ω), then we have∫ ∞
–∞
∣∣f (x)∣∣(dx)α = ∫ ∞
–∞
∣∣f F ,αω (ω)∣∣(dω)α . (.)
Proof See [, ]. 





f F ,αω (ω)gF ,αω (ω)(dω)α . (.)
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Proof See [, ]. 
4 Heisenberg uncertainty principles in local fractional Fourier analysis






























with K >  and a constant C.






















































When f (x)xαK = f (α)(x), then we have f (x) = CEα(–
xα
K ) with a constant C.
Since
(∣∣f (x)∣∣)(α) = (f (x)f (x))(α) = f (α)(x)f (x) + f (x)f (α)(x) (.)
























∣∣f (x)∣∣(dx)α , (.)
when (|f (x)|)xα → , x→ ∞.













∣∣∣∣ ( + α)
∫ ∞
–∞

























= ( + α)






























f F ,αω (ω)hωα
](dω)α]. (.)
Therefore, we deduce to
( + α)































f F ,αω (ω)ωα
](dω)α]. (.)
Hence, this result is obtained. 
As a direct result, we have two equivalent forms as follows.























with equality only if f (x) is almost everywhere equal to a constant multiple of CEα( –x
α
K ),
with K >  and a constant C.
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Hence, Theorem  is obtained. 
The above results [, ] are diﬀerent from the results in fractional Fourier transform
[, ] based on the fractional calculus theory.
5 Themathematical aspect of fractal quantummechanics
5.1 Local fractional Schrödinger equation



















Pα = hαkα .
(.)


































∂zα kα [] with r
α = xαiα + yα jα + zαkα [].
From (.) we have
–iαhα∇αψα = Pαψα (.)









mPα · Pαψα , (.)






α = xαiα + yα jα + zαkα .
From (.) we have
iαhα
∂αψα
∂tα = Eαψα . (.)
We have the energy equation
Eα =

mPα · Pα +Vα
=Hα (.)
such that






where Hα is the local fractional Hamiltonian in fractal mechanics.






αψα +Vαψα . (.)




and that the local fractional momentum operator is
Pα = iαhα∇α . (.)
Therefore, we get the local fractional Schrödinger equation in the formof local fractional
energy and momentum operators
Hαψα =

mPα · Pαψα +Vαψα , (.)
where the local fractional Hamiltonian is
Hα =

mPα · Pα +Vα . (.)
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Wealso deduce that the general time-independent local fractional Schrödinger equation
is written in the form
iαhα
∂αψα
∂tα =Hαψα , (.)










where Sα is non-diﬀerential action, Hα is the local fractional Hamiltonian function, and
qαi (i = , , ) are generalized fractal coordinates.
5.2 Solutions of the local fractional Schrödinger equation
.. General solutions of the local fractional Schrödinger equation
The general solution of the local fractional Schrödinger equation can be seen in the fol-




































If we consider Pα = pxαiα + pyα jα + pzαkα ≡ pxαiα and rα = xαiα + zα jα + zαkα , we have
fractal plane waves:














.. Fractal complex wave functions
The meaning of this description can be seen in the following. Similar to the classical wave
mechanics, we prepare N atoms independently, in the same state, so that when each of
them is measured, they are described by the same wave function. Then the result of a
position measurement is described as the fractal probability density, and we wish it is not







Yang et al. Boundary Value Problems 2013, 2013:131 Page 10 of 16
http://www.boundaryvalueproblems.com/content/2013/1/131
In view of (.), we have
φα(x, t) =
∣∣ψα(x, t)∣∣. (.)
The set of N measurements is characterized by an expectation value 〈r〉α and a root






∣∣ψα(r, t)∣∣(dr)α . (.)



















)∣∣ψα(r, t)∣∣(dr)α . (.)
If the physical interpretation of a particle in fractal space is that the probability
dP(r) = 
( + α)
∣∣ψα(r, t)∣∣(dr)α , (.)












































∣∣ψα(r, t)∣∣(dr)α . (.)
.. Probabilistic interpretation of fractal complex wave function of one variable
In (.), we have
φα(x, t) =
∣∣ψα(x, t)∣∣ (.)
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and


































m tα)), x ∈ L,
, x /∈ L.
(.)


























)∣∣ψα(x, t)∣∣(dx)α . (.)
For a given fractal mechanical operatorA, we have an expectation value 〈A〉α and a root


























)∣∣ψα(x, t)∣∣(dx)α . (.)
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∣∣ψα(x, t)∣∣(dx)α = , (.)






∣∣ψα(x, t)∣∣(dx)α =  (.)






∣∣ψα(x, t)∣∣(dx)α . (.)
















∣∣ψα(x, t)∣∣(dx)α =  (.)































∣∣ψα(x, t)∣∣(dx)α = , (.)












































































αψα +Vαψα , (.)






The above equation (.) diﬀers from the results presented in [, ]. Also, Eq. (.)
is diﬀerent from the ones reported in [–, , ].
























Pα = ( hπ )αkα ,
(.)
where h is Planck’s constant.
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6 Conclusions
In this manuscript, the uncertainty principle in local fractional Fourier analysis is sug-
gested. Since the local fractional calculus can be applied to deal with the non-diﬀerentiable
functions deﬁned on any fractional space, the local fractional Fourier transform is impor-
tant to deal with fractal signal functions. The results on uncertainty principles could play
an important role in time-frequency analysis in fractal space. From Eq. (A.) we conclude
that there is a semi-group property for the Mittag-Leﬄer function on fractal sets. Mean-
while, uncertainty principles derived from local fractional Fourier analysis are classical
uncertainty principles in the case of α = . We reported the structure the local fractional
Schrödinger equation derived fromPlanck-Einstein and de Broglie relations in fractal time
space.
Appendix
We have [, ]
γ α[F ,a,b] + γ α[F ,b, c] = γ α[F ,a, c] (A.)
such that
SαF (y) – SαF (x) = γ α[F ,x, y] =
(y – x)α
( + α) , (A.)
where SαF (y) is a fractal integral staircase function. We have the relation [–]
Hα
(
F ∩ (γ , )) = –γ α (A.)
such that
SαF (y) – SαF (x) = γ α[F ,x, y] =Hα
(
F ∩ (x, y)) = (y – x)α
( + α) . (A.)
Inversely we obtain
SαF (x) – SαF (y) = γ α[F , y,x] =Hα
(
F ∩ (y,x)) = – (y – x)α
( + α) . (A.)
Hence, both SαF (x) = x
α
(+α) and SαF (y) =
yα
(+α) are seen in [, ].




































(+αk) and iα is a
fractal unit of imaginary number [–, ].
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